Abstract. We study the sheaf T 1 (X) of first order deformations of a reduced scheme with normal crossing singularities. In particular, we obtain a formula for T 1 (X) in a suitable log resolution of X.
Introduction
The purpose of this paper is to describe the sheaf T 1 (X) of first order deformations of a reduced scheme X with normal crossing singularities defined over an algebraically closed field k.
The motivation to study deformations of schemes with normal crossing singularities comes from many different problems.
Normal crossing singularities appear quite naturally in any degeneration problem. Let f : X → C be a flat projective morphism from a variety X to a curve C. Then, according to Mumford's semistable reduction theorem [KKMS73] , after a finite base change and a birational modification the family can be brought to standard form f ′ : X ′ → C ′ , where X ′ is smooth and the special fibers are simple normal crossing varieties.
Schemes with normal crossing singularities appear also in the compactification of the moduli space of varieties of general type. The boundary of the compactified moduli space of surfaces of general type consists of the stable varieties. A stable variety is a proper reduced scheme X such that X has only semi-log-canonical singularities and ω [k] X is locally free and ample for some k > 0 [KSB88] . The simplest class of non-normal s.l.c. singularities are the normal crossing singularities. Therefore it is interesting to know which stable varieties are smoothable and which are not. In order to do this it is essential to understand their first order deformations.
Another area where normal crossing singularities play an important role is the study of Mori fiber spaces in higher dimensional birational geometry. It is well known that the outcome of the minimal model program starting with a smooth n-dimensional projective variety X, is a Q-factorial terminal projective variety Y such that either K Y is nef, or Y has a Mori fiber space structure. This means that there is a projective morphism f : Y → Z such that −K Y f -ample, Z is normal and dim Z ≤ dim X − 1. Suppose that the second case happens and dim Z = 1. Let z ∈ Z and Y z = f −1 (z). Then Y z is a Fano variety of dimension n − 1 and Y is a smoothing of Y z . The singularities of the special fibers are difficult to describe but normal crossing singularities naturally occur and are the simplest possible nonnormal singularities.
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For the reasons explained previously, it is of interest to study the deformation spaces of varieties with normal crossing singularities (and in particular Fano and stable varieties). For this it is essential to study their first order deformations.
Let X be a reduced scheme with normal crossing singularities defined over a field k. Then T 1 (X) is an invertible sheaf on the singular locus D of X. If X has points of multiplicity at most 2 then D is smooth. However, in general D may not even be Cohen-Macauley. For this reason it is preferable to work in a smooth model of D and in particular in a log resolution of (X, D).
In section 3 we describe T 1 (X) in the case when X has only double point singularities and in section 4 we treat the general case. The main results are the following.
Theorem 1.1. Let X be a quasi-projective scheme with normal crossing singularities defined over an algebraically closed field k. Let D be the singular locus of X. Then,
(1) Suppose that X has only singularities of multiplicity 2. Let π :X → X be the normalization of
where ε is the unique involution ofD over D interchanging the fibers of π. (2) Suppose that dim X ≤ 3. Let φ :X → X be a birational morphism such that (a) (X, 1/2D),D are terminal; (b) KX + 1/2D and KD are φ-nef. whereD ⊂X be the reduced divisorial part of φ −1 (D) that dominates D (such spaces do exist). Then
where E ⊂X is the reduced φ-exceptional divisor that dominates the set of singular points of X of multiplicity at least three and ε the unique nontrivial involution ofD over the normalizationD of D.
The crucial part of the proof of the first part of the theorem is to show that if X has only double points, then outside a closed set of codimension at least 2, there is a formal embedingX ⊂ Y of the completionX of X along D into a smooth formal scheme Y of algebraic dimension equal to dim X + 1. This is done in Theorem 3.1. This provides a length 2 resolution ofΩ X which simplifies significantly the calculation of T 1 (X). In order to treat the general case, Theorem 4.2 gives a formula for T 1 (X) in the log resolution (D ′ , X ′ ) of (D, X) that is obtained by successively blowing up the singular locus of highest multiplicity of X. This works in all dimensions but has the disadvantage that the log resolution used is not characterized by any numerical property making it unique. In dimension at most three we obtain a unique log resolution, by running an explicit minimal model program on (D ′ , X ′ ) (and hence the difficulty to extend it in higher dimensions) and in this way we prove the second part of the previous theorem. In dimension 2,D ⊂X is just the minimal log resolution of D ⊂ X and the previous result is a special case of [Tzi09, Theorem 3.1].
Preliminaries.
This section contains the basic definitions and some technical results that will be needed for the proof of the main theorems.
All schemes in this paper are defined over an algebraically closed field k.
A reduced scheme X of finite type over k is called a normal crossing variety of dimension n if for any P ∈ X,Ô X,
, for some r = r(P ), whereÔ X,P is the completion of the local ring of X at P at its maximal ideal. In addition, if X has smooth irreducible components then it is called a simple normal crossing variety.
The algebraically closedness assumption is not essential and is only imposed in order to have a simple definition of normal crossing singularities. I believe that in the case of of a non-algebraically closed field k, a point P ∈ X should be called a normal crossing singularity if and only ifÔ
where L is a coefficient field of O X,P andL its algebraic closure. This way singularities like x 1 0 + x 2 1 = 0 over R will be called normal crossing. For any scheme X we denote by T 1 (X) the sheaf of first order deformations of
. A formal scheme X = (X, O X ) essentially of finite type over k is called smooth, if and only if, for any P ∈ X, O X ,P is a regular local ring.
Let X be a smooth formal scheme of algebraic dimension n. Then we define the formal dualizing sheaf ω X of X to be the invertible sheaf ∧ nΩ X . Let X be a scheme having a dualizing sheaf ω X and Y ⊂ X a closed subscheme of X. LetX be the formal completion of X along Y . Then we define ωX =ω X . If X is smooth then the two previous definitions of formal dualizing sheaf agree.
It is easy to show, either by direct calculation or by refering to [LRT07] and [LNS05] , that the formal dualizing sheaves satisfy similar adjunction properties for embedings of formal schemes as in the case of usual schemes. For details and basic properties of formal schemes and differentials, we refer the reader to [LRT07] and [LNS05] . At this point I would like to mention that one could define a theory of dualizing sheaves for general formal schemes and prove results similar to the scheme case, but for the purpose of this paper it is not necessary to do so and we avoid the complications of the general case by treating only the case of either a smooth formal scheme or an algebraizable one that will be used in the next section.
The following result of Artin provides a bridge between the simple normal crossing and the normal crossing case.
Theorem 2.1 ( [Art69]). Let X 1 , X 2 be S-schemes of finite type, and let x i ∈ X i , i = 1, 2, be points. IfÔ X1,x1 ∼ =ÔX 2 ,x2 , then X 1 and X 2 are locally isomorphic for theétale topology, i.e., there is a commonétale neighborhood (X ′ , x ′ ) of (X i , x i ), i = 1, 2. This means there is a diagram ofétale maps
and inducing an isomorphism of residue fields
The sheaf T 1 (X) is supported on the singular locus of X and is therefore determined by the completionX of X along any subscheme Y of X containing D. The next proposition shows how to calculate T 1 (X) from a suitable embedding ofX in a smooth formal scheme Y.
Proposition 2.2. Let X be a scheme with normal crossing singularities and let Z ⊂ X be a closed subscheme containing the singular locus D of X. LetX ⊂ Y be an embedding of the completionX of X along Z into a smooth formal scheme Y of algebraic dimension equal to dim X + 1. Then
where IX is the ideal sheaf ofX in Y.
Proof. By [LRT07] , there is an exact sequence
where IX is the ideal sheaf ofX in Y. T 1 (X) is a line bundle on the singular locus
Since Y is a smooth formal scheme, it follows thatΩ Y is locally free of rank dim X + 1. Moreover, IX /I 2 X is invertible onX. Dualizing 2.2.1 we get the exact sequence
Taking into consideration 2.2.2 and the fact that T 1 (X) is invertible on D, it follows after restricting to D that
Corollary 2.3. Let X be a scheme with normal crossing singularities and let X ⊂ Y be an embedding such that Y is smooth and dim Y = dim X + 1. Then
where D is the singular locus of X.
The previous discussion motivates the following problem.
Problem 2.4. Let X be a scheme with nonisolated hypersurface singularities and let D be its singular locus. LetX be the completion of X along D.
(1) Is there a smooth formal scheme Y of algebraic dimension dim X + 1 such thatX is a closed formal subscheme of Y? (2) More strongly, is there an embeding X ⊂ Y such that Y is either a smooth scheme, or algebraic space, and dim Y = dim X + 1?
The answer to 2.4.1 is yes if X has normal crossing singularities of multiplicity 2. This is shown in the next section. However, I do not know if the formal embedding is induced by an actual embeding of X as a divisor into a smooth scheme, or even algebraic space. In the category of complex analytic spaces, for any surface X with with normal crossing singularities, there is an analytic neighborhood U of its singular locus D and an embeding U ⊂ V of U as a divisor in a smooth 3-fold V [Tzi09] . This suggests that an algebraic surface with normal crossing singularities may be embedable as a divisor into a smooth algebraic space, or that its Henselization along D is embedable into a smooth Hensel scheme Y .
The double points case.
In this section we describe T 1 (X) in the case when X has only normal crossing singularities of multiplicity 2. The next result together with Proposition 2.2 are essential in doing so. 
are affine open subsets of X. Moreover, since H 1 and H 2 are general,
For the remainder of the proof we may assume that X = U 1 ∪ U 2 , where U 1 and U 2 are affine with hypersurface singularities. Let U i ⊂ V i be an embeding of U i into a smooth variety V i such that dim V i = dim U i + 1, i = 1, 2. LetÛ i ,V i be the completions of U i and V i along D ∩ U i , respectively. ThenÛ i is a closed formal subscheme ofV i , i = 1, 2. We want to glueV i into a formal scheme Y. This will follow from the next claim.
Claim: Let X be an affine scheme with normal crossing singularities of multiplicity two. Let X ⊂ Y i , i = 1, 2, two embedings of X in two smooth affine schemes Y 1 and Y 2 such that dim Y i = dim X + 1, i = 1, 2. ThenŶ 1 ∼ =Ŷ2, whereŶ i are the completions of Y i along the singular locus D of X.
We proceed to show the claim. 2 , i = 1, 2. Next we show that there are compatible isomorphisms
, for all n ≥ 0. We do this by induction on n. For n = 0, this is trivial. Assume that for all k ≤ n − 1, there are compatible isomorphisms
. Consider the square zero extension 
, giving a commutative diagram of square zero extensions
Next we claim that θ n is surjective. Then from the above commutative diagram, and since θ n−1 is an isomorphism, it follows that ψ n is surjective too. But Q are both free of the same rank (both isomorphic to S n (I/I 2 )) and hence ψ n is in fact an isomorphism. Therefore θ n is an isomorphism as well, which concludes the proof of the theorem. The fact that θ n is surjective follows from the next lemma. Finally, the adjunction formula stated, follows by completing the usual adjunctions in the embeddings U i ⊂ V i and glueing them.
Lemma 3.2. Let f : A → B be a ring homomorphism of Noetherian rings. Let I ⊂ A and J ⊂ B be ideals in A and B respectively, such that f (I) ⊂ J and both I and J are contained in the Jacobson radicals of A and B, respectively. Moreover, suppose that
(1) f induces isomorphisms
(2) B is finitely generated as an A-module.
Then f is surjective.
Proof. From the hypothesis of the lemma it follows that J = f (I)B + J 2 . Since J is contained in the Jacobson radical of B, it follows from Nakayama's lemma that f (I)B = J. Let N be the cokernel of A → B, as A-modules. Then we get an exact sequence
But A/I → B/f (I)B = B/J is an isomorphism by assumption. Hence N = IN and since B is finitely generated as an A-module, it follows from Nakayama's lemma that N = 0, and hence f is surjective.
We will also need the following.
Proposition 3.3. Let f : X → Y be a finiteétale morphism of degree 2 between normal varieties. Then there is a unique involution ε : X → X over Y interchanging the fibers of f , i.e., for any x ∈ X, ε(x) = x ′ , where
Proof. If X is reducible then the claim is trivial. Hence we may assume that X, and hence Y , are irreducible. Let σ ∈ Aut (1)
where ε is the unique involution ofD over D interchanging the fibers of π. More-
Proof. By Theorem 3.1 there an open subset U ⊂ X such that codim(D − D ∩ U, D) ≥ 2 and a formal embedingÛ ⊂ Y, where Y is a smooth formal scheme of algebraic dimension equal to dim X + 1. Since X has only double point normal crossing singularities, D is smooth. Moreover, T 1 (X) is a line bundle on D and hence it is determined by its restriction to any open set of codimension ≥ 2. Therefore by Theorem 3.1 we may assume that there is an embedingX ⊂ Y. Then by Proposition 2.2 and standard adjunctions, it follows that 
. Hence from (3.5.1) we get that
D . Then by subadjunction we get that π 
is simple normal crossing, with two smooth irreducible components. Consider the pullback diagram
where π :X → X is the normalization of X. ThenŨ i is the normalization of U i and
Moreover, the involution ε ofD over D lifts to an involution ε i ofD i over D i , interchanging the two irreducible components. Now by flat base change it follows that
and from (3.5.2) it follows that
Now by glueing the above sheaves in theétale topology we get that
The above formula together with part 1. gives the claimed formula.
Corollary 3.6. Let X = ∪ N i=1 X i be simple normal crossing with only double point singularities. Then
Proof. This follows immediately from Theorem 3.5.1 and the observation that since X is simple normal crossing, π :D → D is the trivialétale cover and since π
Remark 3.7. The formula in the above Corollary is a generalization of the corresponding well known formula when X = X 1 ∪ X 2 , and X is a divisor into a smooth variety Y [Fr83] .
The general case.
Let X be a scheme with normal crossing singularities. One major difference between the case when X has singularities of multiplicity at most 2 and the general case, is that unlike the double point case when the singular locus D of X is smooth, in general D may not even be Cohen-Macauley. For this reason it is preferable to work with a smooth model of D instead of D itself. In this section we will give a formula for T 1 (X) in a suitable log resolution of the pair (X, D), in the case when dim X ≤ 3. The two dimensional case is a special case of a much more general result in [Tzi09] .
Definition 4.1. Let X be a scheme with normal crossing singularities. We denote by X max the set of points having maximal multiplicity and by X ≥s the set of points of multiplicity at least s. A straightforward local calculation shows that X max , X ≥s are closed subschemes of X and that X max is smooth.
The next theorem gives a formula for T 1 (X) in a suitable log resolution of (X, D).
Theorem 4.2. Let X be a quasi-projective scheme with normal crossing singularities and let D be its singular locus. Construct inductively the sequence of morphisms
be the divisorial part of f −1 (D) that dominates D and E s the reduced f -exceptional divisor that dominates X ≥s , s ≥ 3. Then X ′ and D ′ are smooth and
where ε is the unique nontrivial involution of D ′ overD, whereD is the normalization of D.
Proof. We proceed in two steps.
Step 1. First we succesively blow up the locus of points of multiplicity ≥ 3 in order to reduce the calculation to that of a normal crossing scheme with only double points. Let m be the maximal multiplicity of the singularities of X. If m = 2, then go to step 2. Suppose that m ≥ 3. Then locally at a point of maximal multiplicity, X is given by x 1 · · · x m = 0 ⊂ C n+1 , and X max by x 1 = x 2 = · · · = x m = 0. Let f 1 : X 1 → X be the blow up of X along X max , B 1 the f 1 -exceptional divisor and D 1 = (f 1 ) −1 * D. A straightforward local calculation shows that X 1 has normal crossing singularities of maximal multiplicity m 1 = m − 1, B 1 is not contained in the singular locus of X 1 and that X max 1 ⊂ B 1 . Repeating the previous process of blowing up the locus of highest multiplicity, we get a sequence of maps 
where L is a line bundle on D m−2 of the form
We proceed to find the exact values of the k i . This is local around the singularities of X. So we may assume that X has an embeding as a divisor in a smooth n + 1-dimensional variety Y , where n = dim X. Then there is a sequence of birational maps
where Y i is obtained from Y i−1 by blowing up the locus of highest multiplicity of
Continuing in a similar fashion we get that, 
where ε is the unique involution of Remark 4.3. One may try to get a formula for T 1 (X) in the normalization π :X → X. However,D = π −1 (D) is singular and it is preferable to work with smooth varieties. The pair (D ′ , X ′ ) is a log resolution for (D, X) that is obtained in a natural way by repeatedly blowing up the centers of maximal multiplicity. The disadvantage of this approach is that (D ′ , X ′ ) is not characterized by any numerical property that would make it unique, as for example the minimal log resolution in the case of surfaces. However, in dimension at most 3 we can get a more natural description by using the minimal model program.
Theorem 4.4. Let X be a quasi-projective scheme with normal crossing singularities with dim X ≤ 3 and let D be its singular locus. Let φ :X → X be a birational morphism such that
(1) (X, 1/2D),D are terminal; (2) KX + 1/2D and KD are φ-nef.
whereD ⊂X be the reduced divisorial part of φ −1 (D) that dominates D (such spaces do exist). Then
where E ⊂X is the reduced φ-exceptional divisor that dominates the set of singular points of X of multiplicity at least three and ε the unique nontrivial involution of D over the normalizationD of D.
Remark 4.5.
(1) In the case of surfaces, (D,X) is simply the minimal log resolution of (D, X) and the theorem is a special case of [Tzi09] .
(2) In the case of 3-folds, (4.4.1) implies thatD is smooth inX. However, the form written seems to be more natural to generalize in higher dimensions. Proof of Theorem 4.4. We only do the 3-fold case. The surface case is much simpler.
The proof consists of two steps. In the first one we will explicitly construct a pair (X,D) with the properties of the statement and in the second part we will show that given any other pair (X ′ , D ′ ) having the same properties, T 1 (X) is given by the same formula.
Step 1. Since dim X = 3, mult P (X) ≤ 4, for all P ∈ X. Now from the proof of Theorem 4.2, there is a sequence of maps
with the following properties. X 1 is the blow up of X along the locus of points of multiplicity 4. Then the singular points of X 1 have multiplicity at most 3 and X 2 is the blow up of X 1 along the locus of points of multiplicity 3. X 2 has only double points and X ′ is its normalization. Let E 1 be the f 1 -exceptional divisor and D 1 = (f 1 ) −1 * D. A straightforward local calculation shows that D 1 is the singular locus of X 1 , and over any singular point of X with multiplicity 4, E 1 ∼ = (x 0 x 1 x 2 x 3 = 0) ⊂ P 3 . Moreover, X max 1 ∩ E 1 = {P 1 , P 2 , P 3 , P 4 }, where P i are the vertices of the tetrahedron x 0 x 1 x 2 x 3 = 0 in P 3 , and
, where L i,j is the line connecting the verices P i and P j .
Let E 2 be the f 2 -exceptional divisor and D 2 = (f 2 )
−1 * (D 1 ). Let P ∈ X 1 be a point such that mult P (X 1 ) = 3. Then a straightforward local calculation shows that X 2 has only double points, f −1
is the singular locus of X 2 and D 2 ∩ f −1 2 (P ) = {Q 1 , Q 2 , Q 3 }, where Q i are the vertices of the triangle x 0 x 1 x 2 = 0 in P 3 . LetẼ 1 = (f 2 ) −1 * E 1 . ThenẼ 1 = f * 2 E 1 . Moreover,Ẽ 1 is the blow up of E 1 along its vertices, and over any point of multiplicity 4 of X,
Moreover, from the previous discussion it follows that f −1
where F i,j are the edges of the triangle (x 0 x 1 x 2 = 0) ⊂ P 2 , andẼ 1 ∩ Z 2 = ∪ i,jLi,j , whereL i,j are the birational transforms of the edges L i,j of E 1 in E 2 .
The normalization X ′ of X 2 is the blow up of
are the blow ups of E 2 , E 1 along their edges and a straightforward local calculation shows that E ′ 2 , E ′ 1 are smooth. Moreover, over any singular point P ∈ X of multiplicity 4, E ′ 2 = 4 i=1 H i , where H i is isomorphic to the blow up of P 2 along the vertices of the triangle x 0 x 1 x 2 = 0. In other words, E ′ 1 is the log resolution of E 1 and its edges obtained by first blowing up the vertices and then the edges. Hence in each H i there is the following configuration of fexceptional curves, where
• Moreover, we have the following intersection table.
and Z ′ , respectively. Next we use the Minimal Model Program to obtain a 3-fold with the properties stated in the theorem.
Standard adjunction formulas (which could be calculated using a local embedding X ⊂ Y of X in a smooth 4-fold Y and following the argument of the proof of Theorem 3.5), give that
and therefore
Moreover, the exact sequence
Hence there is a flopping contraction h ′ : X ′ → S contracting each L i,j to an ordinary 3-fold double point. Let ψ : X ′ X ′′ be its flop. This is a standard flop and its construction is described in the following diagram:
Here W is the blow up of X ′ along L i,j . Let B be the ψ ′ -exceptional divisor. Then over a neighborhood of any of the L i,j , B is a ruled surface over L i,j and in fact B ∼ = P 1 × P 1 . Then ψ ′′ is the contraction of the other ruling and hence X ′′ is also smooth. Let L ′′ i,j be the h ′′ -exceptional curves and D ′′ be the birational transform of D ′ in X ′′ . Then from diagram (4.5.2) and the explicit description of
is a morphism and is in fact, from (4), it is the contraction of the (−1)-curves of
it follows from (4) that
Let us elaborate more on this. As mentioned earlier in the proof, if P ∈ X is any point of multiplicity 4 of X, then f and hence (1, 1, 1) . let D = α * D ′′ . ThenD ∼ = D ′′ and from the construction it follows that it is contained in the smooth part ofX. Moreover, KX + 1/2D and KD are both nef over X. Hence (X,D) satisfies the numerical properties of the theorem. It also follows from the above construction that the natural induced mapD → D, where D is the normalization of D, isétale of degree 2.
Next we show that T 1 (X) is given by the formula claimed in the statement. We do it by moving around the diagram
and the corresponding for D, 
2 ) ⊗ O D ′ and so the formula is unchanged in X ′′ (we did not expect a change since X ′ and X ′′ are isomorphic in codimension 1). Moreover, a carefull look at the construction of X ′′ reveals that E where E = α * E ′′ 2 and ε = ε 2 is the unique nontrivial involution ofD overD, as claimed in the statement.
Step 2. Let ψ : (X,D) → (X, D) be a morphism such that (X, 1/2D) is terminal and KX + 1/2D, KD are ψ-nef. We will show that ψ * T 1 (X) is given by the formula stated in the theorem.
Since (X, 1/2D) is terminal and nef over X, it follows that there is a birational map g :X X
which is an isomorphism in codimension 1. Moreover, since KD and KD are nef over D, g induces an isomorphism betweenD andD. Since we already know that D →D isétale,Z does not contain any φ-exceptional curves. ThereforeẐ does not contain any ψ-exceptional curves and hence there is a commutative diagram 
